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Abstract. The space of smooth rational cubic curves in projective space P r 
(r > 3) is a smooth quasi-projective variety, which gives us an open subset 
of the corresponding Hilbert scheme, the moduli space of stable maps, or 
the moduli space of stable sheaves. By taking its closure, we obtain three 
compactifications H, M, and S respectively. In this paper, we compare these 
compactifications. First, we prove that H is the blow-up of S along a smooth 
subvaricty which is the locus of stable sheaves which are planar (i.e. support 
is contained in a plane). Next we prove that S is obtained from M by three 
blow-ups followed by three blow-downs and the centers are described explicitly. 
Using this, we calculate the cohomology of S. 



1. Introduction 

Let Xo be the space of smooth rational curves of degree d in P T . It is easy to 
see that Xo is a smooth quasi-projective variety of dimension (r + 1)(d + 1) — 4. 
From moduli theoretic point of view, the following questions are quite natural. 

(1) Does Xo admit a moduli theoretic compactification? 

(2) If there are more than one such compactifications, what are the relation- 
ships among them? 

(3) Can we calculate the differences of intersection numbers of cycles coming 
from geometric conditions? 

For the first question, there are several well-known compactifications as we will 
review below. The purpose of this paper is to provide answers to the second question 
for d = 3. Note that the second question is trivial when d = 1 because Xo is 
compact. The case where d = 2 has been worked out in [10]: The moduli space of 
stable maps .Mo(P r , 2) is Kirwan's partial desingularization of the quasi-map space 
P(Sym 2 (C 2 ) ® C r+1 )//SL(2) and the Hilbert scheme Hilb 2m+1 (P T ) is obtained 
from A^o(P T ,2) by a blow-up followed by a blow-down. The third question is 
related to the problem of comparing various curve counting invariants, such as 
the Gromov-Witten invariant, Donaldson- Thomas invariant and Pandharipandc- 
Thomas invariant. A successful comparison of these curve counting invariants may 
be achieved if the second question is answered in a satisfactory fashion. For instance, 
if we can describe the birational maps between two different compactifications of 
Xo in terms of blow-ups and -downs whose centers are themselves moduli spaces 
for lower degree curves, then it is quite plausible that the differences of the curve 
counting invariants may be expressed as inductive formulae. In this paper we first 
review several natural moduli theoretic compactifications and then compare these 
compactifications in terms of explicit blow-ups and -downs. 
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In §2, we review several natural moduli theoretic compacticiations of Xq. The 
first compactification comes from geometric invariant theory (GIT). A smooth ra- 
tional cubic curve is given by a map f : P 1 -> P r . If we choose homogeneous 
coordinates of P 1 and P r , f is given by an (r + 1)-tuplc of homogeneous poly- 
nomials of degree d in two variables Zo,Z-\. To remove the dependency on the 
choice of homogeneous coordinates, we have to take the quotient by the action of 
Aut(P') = PGL(2). Hence, we obtain a compactification by GIT quotient, often 
called the quasi-map space 

X = P(Sym 3 (C 2 ) ® C T+1 )//SL(2). 

The strength of this compactification X is that it is easy to calculate the cohomology 
ring or Chow ring or K-groups by using the cquivariant Morse theory, or the Atiyah- 
Bott-Kirwan theory [12]. The weakness of X is that the boundary points do not 
have natural geometric meaning. 

The second compactification is obtained from the Hilbert scheme. We have the 
obvious embedding Xo 7iilb 3m+1 (P r ) of Xo into the Hilbert scheme of closed 
subschemes with Hilbert polynomial 3m+1 . This turns out to be an open immersion 
and by taking its closure we obtain a compactification H of Xo , which we call the 
Hilbert compactificaiton. 

The third compactification comes from Kontsevich's moduli space of stable maps. 
A stable map is a morphism of a connected nodal curve f : C — > P r with finite 
automorphism group. Let .Mo(P T ,d) denote the moduli space of stable maps of 
arithmetic genus and degree d. It is well-known that this is an irreducible normal 
projective scheme. The obvious inclusion Xo t — > M.o{P T ,3) is an open immersion 
and M = .Mo(P r ,3) is a compactification of Xo, which we call the Kontsevich 
compactification. In [11], we proved that M is obtained from X by three blow- 
ups and two blow-downs and the blow-up/-down centers are explicitly described in 
terms of moduli spaces of stable maps of degrees 1 and 2. 

Theorem 1.1. [11] The birational map X — » M is the composition of three 
blow-ups followed by two blow-downs. The blow-up centers are respectively, P r ; 
A / to,2(I I>r , 1 )/S2 (where S2 interchanges the two marked points) and the blow-up of 
A / to,l(lP r ,2) along the locus of three irreducible components. The centers of the 
blow-downs are respectively the Sz-quotient of a [¥ r ) 2 -bundle on A / fo ) 2(P r , 1) and 
a (P r_1 )^ / S3 -bundle on P r . Here -A/fo.kflP 1 *, d) denotes the moduli space of stable 
maps of genus and degree d with k marked points. 

The following diagram explains how we get M from X by explicit blow-ups and 
-downs. 

(l.l) p 3 ^^p 2 _!^p 1 n -l > Po 



7T 4 




P 4 P 3 /SL(2) >P /SL(2)=X 
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Here Po denotes the stable part of P(Sym 3 (C 2 ) ® C T+1 ). Using this theorem, 
we could calculate the cohomology ring and the Picard group of the Kontsevich's 
moduli space of stable maps .A4o(P r ,3). 

Remark 1.2. Theorem 1.1 holds true for any r > 1. When r = 1, 7T3 is the 

identity map and 7T2 cancels out TC4 while 7ti cancels out 7T5. Therefore, we have 
an isomorphism 

.M (P\3) = P(Sym 3 (C 2 ) ®C 2 )//SL(2). 

The fourth compactification is by Simpson's moduli space of stable sheaves. 
Recall that a coherent sheaf E is pure if any nonzero subsheaf of E has the same 
dimensional support as E. A pure sheaf E is called semistable if 

x(E(m)) . x(E'(m)) ^ 
re! ^ TE7T - for m » 

for any nontrivial pure quotient sheaf E' of the same dimension, where t(E) denotes 
the leading coefficient of the Hilbert polynomial x(E(m)). We obtain stability if 
< is replaced by <. Simpson proved that there is a projective moduli scheme 
5imp p (P r ) of semistable sheaves of given Hilbert polynomial P. It is easy to see 
that semistability coincides with stability when P(m) = 3m + 1. If C is a smooth 
rational cubic curve in P T , then the structure sheaf Oc is a stable sheaf. Hence we 
get an open immersion Xo °- > 5imp 3rrl+1 (P T ). By taking the closure we obtain a 
compactifiction S, which we call the Simpson compactification. 

In §3, we compare the Hilbert compactification H with the Simpson compacti- 
fication S. For r = 3, Frciermuth and Trautmann proved in [3] that H = S. For 
arbitrary r, we prove the following 

Proposition 1.3. There is a morphism H — > S which is the blow-up along the 
smooth locus of stable sheaves with planar support. 

When r = 3, the locus of planar stable sheaves is a divisor and hence we obtain 
an isomorphism H = S. One direct way to prove this proposition is to construct a 
family of stable sheaves parameterized by H. The structure sheaves of the closed 
subschemes parameterized by H are stable except along the locus of planar cubic 
curves, which is a divisor. By applying elementary modification, wc obtain a family 
of stable sheaves and thus a morphism from H to S. Then one can check that this 
is a blow-down. Another way to prove this is to use a result of Freiermuth and 
Trautmann ([3]) which we explain in §3. 

In §4, we compare the Kontsevich compactification M and the Simpson com- 
pactification S. Let f : C — > P T be a stable map. Then f*0c is a coherent sheaf on 
P r . The locus of unstable sheaves turns out to consist of two irreducible compo- 
nents F 1 U T 2 , where T 1 is the locus of stable maps with linear image (i.e. the image 
is a line) while V 1 is the locus of stable maps with bilinear image (i.e. the image is 
the union of two lines). To resolve the indeterminacy we first blow up along T 1 and 
apply elementary modification with respect to the destabilizing subsheaves which 
we define as the first nonzero terms in the Hardcr-Narasimhan filtrations. Then 
the locus of unstable sheaves has still two components: one is the proper transform 
of T 2 and the other F 3 is a subvariety of the exceptional divisor of the blow-up. 
We then blow up along V 2 and apply the elementary modification with respect to 
the destabilizing subsheaves. Again we blow up along F 3 and apply elementary 
modification. After these three blow-ups, we obtain a family of stable sheaves and 
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hence a morphism to S. Then we study the geometry of the exceptional divisors. 
It turns out that the exceptional divisor of the second blow-up becomes a weighted 
projective bundle over a variety and we can contract this divisor. Then the ex- 
ceptional divisor of the third blow-up becomes a weighted projective bundle and 
we can contract this divisor. Finally we contract the exceptional divisor of the 
first blow-up in a similar fashion. In this local analysis, the main technique is the 
variation of GIT quotients [19, 1]. Then it is easy to check that the morphism to 
S factors through the blow-downs and the induced map is bijective. By the gen- 
eralized Ricmann existence theorem [8, p442], we deduce that all morphisms arc 
algebraic and the blown-down spaces are algebraic. So we obtain the following 

Theorem 1.4. S is obtained from M by blowing up along V\ Vf , Pf and then 
blowing down along T| . r|, , where P denote the proper transform of P at the 
jth stage. 

The following diagram summarizes the results of this paper and [11]. 




X 3 X 2 — ^ X! — ^ X 

All the arrows are blow-ups and the blow-up centers are indicated above the arrows. 

In §5, we calculate the Betti numbers of S by using Theorem 1.4. When r = 3, 
we get exactly the same numbers, calculated by Ellingsrud, Picnc and Strommc [2]. 

There are other interesting compactifications, such as the Chow compactification, 
the variety of nets of quadrics [2] , the Vainsencher-Xavier compactification [20] and 
the variety of triples [16]. When r = 3, the variety of nets of quadrics was shown 
to be a blow-down of H but the relationships for other compactifications are not 
known. We hope to compare them with X, H, M, S in the future. 

2. Compactifications of the space of rational cubics 

In this section, we recall several well-known compactifications of the space of 
curves: compactifications by the Hilbert scheme, Kontsevich's moduli space of sta- 
ble maps, Simpson's moduli space of stable sheaves and the space of quasi-maps. 
Our goal is to compare these compactifications. Wc fix a positive integer r. 
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2.1. Compactification by quasi-maps. This is perhaps the easiest to describe. 
A smooth rational curve of degree 3 in projective space P T , is given by an (r + 1 )- 
tuple (fo : f i : • • • : f T ) of degree 3 homogeneous polynomials in two variables zo, zi , 
the homogeneous coordinates of P 1 . Upon fixing the basis Zq, z\z\ , zoz 2 , zf of the 
space of degree 3 homogeneous polynomials, the curve is determined by a 4 x (r + 1 ) 
matrix of coefficients. Whenever this matrix has maximal rank, we get a smooth 
rational cubic in P T and two such matrices determine the same curve if and only if 
they are in the same orbit under the action of Aut(P ) = PGL(2). Hence the space 
of rational cubics in P r can be described as 

X := P(Sym 3 (C 2 ) ® C r+1 ) 4 /PGL(2) 

where the subscript 4 denotes the open subset of rank 4 matrices. Thus, Geometric 
Invariant Theory (GIT) provides us with a natural compactification 

X := P(Sym 3 (C 2 ) ® C r+1 )//PGL(2) 

which is often called, the quasi-map space. Thanks to the Atiyah-Bott-Kirwan 
theory, we can easily calculate the cohomology ring/topological K-group/Chow ring 
of this compactification [12, 11]. However, the geometric meaning of its boundary 
points is not clear. 

2.2. Kontsevich's moduli space of stable maps. In early 1990's, Kontsevich 
introduced the notion of stable maps and a compactification of the space of smooth 
curves, called the moduli space of stable maps. See [5] for an introduction. 

By definition, a stable map to P r is a morphism f : C — > P r of a connected 
reduced curve C which may have only nodal singularities (xy = 0), such that the 
automorphism group of f is finite. If we fix the arithmetic genus g of C and the 
homology class d = f*[C], then wc obtain a projective moduli space A4 g (F r , d), 
which parameterizes isomorphism classes of stable maps. When g = 0, A^o(P T , d) 
is an irreducible normal projective variety with only finite quotient singularities. 

Our concern in this paper is 

M:=M (P r ,3) 

which is obviously a compactification of the space Xo of smooth rational cubics. As 
the first step of our project of comparing various compactifications of Xq, we proved 
in [11], that M is obtained from X by three blow-ups followed by two blow-downs. 
The blow-up/-down centers were all described in terms of moduli spaces of stable 
maps of degrees 1 and 2. These results enabled us to do various cohomological 
calculations on M. In this paper, we compare M with other moduli theoretic 
compactifications described below. We will call M the Kontsevich compactification. 
We will write M(P T ) if it is necessary to emphasize the target space P T . 

2.3. Hilbert scheme and Chow scheme. Classical approaches to compactifica- 
tion of the space of smooth curves are to use either the Hilbert scheme or the Chow 
scheme. See [14, 7] for an introduction. 

The Hilbert scheme Wilb p (P r ) is the projective moduli space of closed sub- 
schemes in P r whose Hilbert polynomial is P. The space of smooth rational cubics 
in P r form an open subset of ftitb 3m + 1 (P r ) and we call its closure H, the Hilbert 
compactification. When it is necessary to emphasize the target space P r , we will 
write H(P r ) instead of H. 
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The Chow scheme Chow 1 ' 3 (P T ) of one dimensional cycles of degree three is a 
projective scheme which contains Xo as an open subset. We denote by C the closure 
of Xo in the Chow scheme and call it the Chow compacticiation. H is smooth and 
we have a natural morphism HC : H > C forgetting the thickening structure of 
multiple components. Furthermore, there is a natural morphism M — > C which 
forgets the ramification points of multiple components. 

2.4. Simpson's moduli space of stable sheaves. Let E be a coherent sheaf on 
P r . We say E is pure if any nonzero subshcaf of E has the same dimensional support 
as E. A pure sheaf E is called semistable if 

X (E(m)) . x(E'(m)) 
r(E) r(E') 

for any nontrivial pure quotient sheaf E' of the same dimension, where r(E) denotes 
the leading coefficient of the Hilbert polynomial x(E(m)). We obtain stability if < 
is replaced by <. 

In [18], Simpson proved by GIT that there is a projective moduli scheme 5imp p (P T 
of equivalence classes of semistable sheaves on P T whose Hilbert polynomial is P. 
The following easy lemma explains why 5imp 3m+1 (P r ) gives us a compactification 
of X . 

Lemma 2.1. [3, Lemma 1] If C is a Cohen- Macaulay curve of degree 3 in P T , its 
structure sheaf Oc is a stable sheaf. 

Proof. Since Oc is a quotient of Opr , any nontrivial pure quotient of Oc is the 
structure sheaf Oc of a closed subcurve C of C. As the degree of C is at most 
two, the support of C is a line or a conic or a pair of lines. In any case, 

1 xjgcM) . x(Pc(m)) 1 

m + I = T7n~\ — < im \ = m + or m+ -. 

3 r{Oc) r(Oc) 2 

□ 

By an easy calculation, we have an identification of tangent spaces 

T 0cl Simp 3m+1 (P r ) =ExtllO c ,O c ) -H°(C,N C/P r) = T [C] X 

for a smooth rational cubic C S Xo. Hence, via the map C i— > Oc, Xo is isomor- 
phic to an open subset of 5imp 3m+1 (P r ). Let S be the irreducible component 
of 5imp 3m+1 (P r ) which contains Xo. We call this the Simpson compactification. 
When it is necessary to emphasize the target space P T , we will write S(P r ) instead 
of S. 

In §3, we compare H and S and in §4, we compare M and S. Their relationships 
will be described in terms of explicit blow-ups and -down. 

3. From Hilbert to Simpson 

In this section, we prove that the Hilbert compactification H is the blow-up of 
the Simpson compactification S along a smooth subvariety. One way to prove this 
is as follows: the universal family Z C P r x H defines a family of sheaves Oz on 
P r x H which is flat over H. The locus of unstable sheaves is a smooth divisor A and 
the destabilizing subsheaves are zero dimensional. We then apply the elementary 
modification 

T:=\bt{O z -» Oz\a —> A) 
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where A is the destabilizing quotient. Then one can check that J 7 is a flat family 
of stable sheaves on P r x H and hence we obtain a morphism H — > S. By further 
analyzing fibers, one can show that this is a blow-up map or a divisorial contraction 
of A as we do below. 

Instead of the above method of using elementary modification, wc take a shorter 
path of using the results of [17, 3]. 

Theorem 3.1. [17] 7iilb 3m+1 (P 3 ) has only two irreducible components. They 
are smooth and intersect transversely. One of them is H(P 3 ) and the other is a 
15 dimensional variety parameterizing planar cubics coupled with points. Their 
intersection is a divisor A(P 3 ) o/H(P 3 ). 

Theorem 3.2. [3] 

(1) <Simp 3m+1 (P 3 ) is the fine moduli space of stable sheaves, i.e. semistable 
sheaves are stable. 

(2) 5imp 3m+1 (P 3 ) has two irreducible components which intersect transversely 
along A(P 3 ). One is S(P 3 ) and the other is a 13 dimensional variety which 
parameterizes planar cubics together with marked points. 

(3) S(P 3 ) is isomorphic to H(P 3 ). 

From these theorems, we obtain the following. 

Proposition 3.3. (1) H(P r ) is isomorphic to H[FL() which is a component of 
the relative Hilbert scheme for the bundle FU — > Gr(4,r+ 1) o/P 3 's, where 
Li is the universal rank 4 vector bundle on the Grassmannian Gr(4,r+ 1). 
(2) H(P T ) is the blow-up of S(P T ) along the smooth locus of planar stable 
sheaves. In particular, S(P r ) is nonsingular. 

Proof. (1) The relative Hilbert scheme Hilb 3m+1 (PU) over Gr(4,r+ 1) has fibers 
7Yilb 3m+1 (P 3 ). By Theorem 3.1, we obtain an irreducible component H(FU) whose 
fibers are H(P 3 ). We then have a natural morphism 

ct> : H[FU) -> H(P r ) 

sending Z C PU to Z C P r via the inclusion PU P T for any U e Gr(4,r + 1). 
By Theorem 3.1, H(PW) is smooth and proper. Since both H(PW) and H(P r ) are 
compactifications of the space of smooth rational cubics in P r , 4> is birational. 

In [7], all possible types of elements in H(P 3 ) are described. Looking at the 
list, one immediately sees that 4> is injective because the image $>{y) of every point 
y G H(PU) determines a unique P 3 . This certainly implies that 4> is bijectivc. By 
Zariski's main theorem, wc deduce that cj) is an isomorphism. 

(2) Similarly as above, wc have a smooth family S(PU) — > Gr(4,r+ 1) whose 
fibers are S(PU) for U e Gr(4,r + 1). By Theorem 3.2, H(PW) = S[FU) and 
thus it suffices to study the relationship between S[FU) and S(P T ). The inclusion 
x : PU P r for U e Gr(4, r + 1 ) induces a morphism 

t|> : S[PU) -» S(P T ) 

by sending F to i»F. This is an isomorphism on the complement of the divisor A of 
planar sheaves. To describe this divisor, let S(P 2 ) C 5imp 3m+1 (P 2 ) be the locus 
of sheaves F each of which is a nontrivial extension 



8 



KIRYONG CHUNG AND YOUNG-HOON KIEM 



for a singular planar cubic C and a singular point p G C. See [3, Lemma 2]. Then 
A is a S(P 2 )-bundle on FU* over Gr(4,r + 1). By Theorem 3.2, A is smooth when 
r = 3 and hence S(P 2 ) is nonsingular. 

Using the isomorphism PU* = P(C T+1 /^') where W is the universal rank 3 
vector bundle on Gr(3,r + 1), we see that A is isomorphic to S[¥W) Xgt(3 r+i] 
P(C r+1 /W) over Gr(3, r + 1 ). Obviously, the sheaf F is independent of the choice of 
P 3 containing the support and hence ih is constant on the fibers P r ~ 3 of P(C T+1 /W) — 
Gr(3,r+ 1). To deduce that il> is the blow-up map along S(PW) and hence S(P r ) 
is smooth, we only need to show that the normal bundle of A restricted to a fiber 
of P(C r+1 /^') -> Gr(3,r+ 1) is Op T -3(-l). But this can be easily checked. For 
instance, suppose C is the planar curve given by a map P 1 — > P r 

(zq : ZqZt + z z 2 : z 3 : : ■ • • : 0) 

and consider the family of smooth rational curves given by 

(z 3 , :zoZ-|+zozf :zf : aiz z 2 : a 2 z z 2 : ■■• : a r _ 2 z z 2 ), (ai,--- , a r _ 2 ) € C T ~ 2 -{0}. 

This gives us a morphism C r ~ 2 —{0} — > S(P T ) which has a unique extension C r ~ 2 — > 
S(P r ), whose central image F fits into a nonsplit exact sequence 

where p is the unique nodal point. This extension is of course obtained by taking 
the direct image f*C P i for each f : P 1 — > P r in the family parameterized by C r ~ 2 . 
On the other hand, we have a morphism C r ~ 2 — {0} — > S[FU) which extends to 
P r-3(— 1) — ) S{PU) by taking direct image after choosing a P 3 containing the 
plane of C. This means the normal bundle restricts to 0(— 1) as desired. Since A 
is flat over S(PW'), this holds for every fiber. □ 

4. From Kontsevich to Simpson 

In this section, we compare the Kontsevich compactification M and the Simpson 
compactification S. We will prove that the birational map M —■* S is the com- 
position of three blow-ups and three blow-downs, whose centers will be described 
explicitly below. 

Let us consider any family of stable maps of degree 3 parameterized by a reduced 
scheme Z 

C^^P 1 " 



z 

where n is a family of connected curves of arithmetic genus 0, with at worst nodal 
singularities. Let £o be the direct image of Oc by (ev,7t) : C — > P r x Z. Then £o 
is a family of coherent sheaves on P r , flat over Z because the Hilbert polynomial 
is constantly 3m + 1 . By Lemma 2.1, the restriction of £o to P r x Zo where Zo is 
the locus of smooth curves, is a family of stable sheaves on P r . Hence we obtain a 
birational map 

O : M — » S. 

How do we eliminate the locus of indeterminacy? First we find the locus of in- 
determinacy. Next we find a suitable sequence of blow-ups and apply elementary 
modification to construct a family of stable sheaves. Thus we get a morphism to 
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S. Finally we study the local geometry of the exceptional divisors and show that 
we can contract the divisors. After these blow-downs, we obtain an isomorphism 
of the resulting model of M with S. 

4.1. Locus of indeterminacy. To find the locus of indeterminacy of (D, we need 
the following generalization of Lemma 2.1. 

Lemma 4.1. 7/f : C — > P r is a stable map in M with no multiple components (i.e. 
no component o/f(C) is a multiply covered by 1), then f*0c is a stable sheaf. 

Proof. If f is non-planar, C = f(C) is a Cohen-Macaulay curve and f*0c = Cc- 
By Lemma 2.1, f*0c is stable. Suppose now f is planar. By our assumption, C is 
a singular cubic and f*0c fits into an exact sequence 

O^0c<^f*0c^O p ^O 

for some point p £ C' because the Hilbert polynomial of Oq< is 3m. The first 
map comes from the adjunction Opr — > f„f*Opr = f*Oc- Since Hom(O p , f*0c) = 
Hom(f*Op,Oc) = 0, f*0c is a nonsplit extension. Because C is Cohen-Macaulay, 
Oc' is stable. It is easy to see now that f*0c is stable. □ 

Consequently, the locus of unstable sheaves in the family So has two irreducible 
components: one component T 1 consists of stable maps, each of which has a single 
line as its image, and the other component V 2 consists of stable maps, each of 
which has a pair of lines as its image. Let Gr(2,r + 1 ) be the Grassmannian of 
two dimensional subspaces of C T+1 and U be the universal rank 2 bundle. Let 
.A4o(PW, d) be the relative moduli space of stable maps of degree d and arithmetic 
genus to the fibers of PU -> Gr(2,r + 1). The obvious map M {PU,3) -> 
Gt(2,t+1) is a locally trivial bundle with fiber A4o(P ,3) and we have an inclusion 
map 

(4.1) r 1 :=M (PU,3) <-> A4 (P r ,3). 

By gluing operation at the marked points, we see that the component V 2 is isomor- 
phic to the fiber product 

Mq^[¥U,2) x P r PU 

where .M o,i (PW, 2) is the moduli space of stable maps of genus and degree 2 with 
one marked point to the fibers of PU — > Gr(2, r + 1 ). Note here that A4o,i (P r , 1 ) = 
PU = PTpr and the marked points give us morphisms to P r in the fiber product. 
For further analysis however, we need a description of F 1 and V 2 via GIT. 

4.2. Indeterminacy via GIT. In [11, §5], we proved that 

(4.2) M = Q /SL(2) 

for a smooth quasi-projective variety Qo = P5. Let us briefly recall the construc- 
tion. 

We start with the stable part Po of the projective space P(Sym (C 2 ) ® C r+1 ) 
with respect to the action of SL(2) on Sym (C 2 ). An element in Po can be thought 
of as an (r + l)-tuple (fo : ■ • ■ : f T ) of homogeneous polynomials in zo,zi of degree 
3. When there are no common zeroes of these (r + 1 ) polynomials, we get a stable 
map. Let 7ti : Pi — > Po be the blow-up along the locus L 3 of three common zeroes. 
Next let 7t2 : P2 — > Pi be the blow-up along the proper transform of the locus £ 2 
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of at least two common zeros. Let 7T3 : P3 — > P2 be the blow-up along the proper 
transform of the locus £ of at least one common zero. After these three blow-ups 
and elementary modifications along the exceptional divisors, we obtain a family of 
stable maps 

^ CV 3 

C 3 ^P r 



P3 

parameterized by P3 and thus a morphism P3 — > M. 

The exceptional divisor of the second blow-up becomes a P 1 -bundle and the 
normal bundle restricted to each fiber P 1 is 0[— 1). Hence we can contract this 
divisor to obtain 7T4 : P3 — > P4. Then the exceptional divisor of the first blow-up 
becomes a P 2 -bundle and the normal bundle restricted to each fiber P 2 is 0[— 1). 
Hence we can contract this divisor to obtain 7T5 : P4 — > P5. The morphism P3 — > M 
factors through the two blow-downs and the induced map P5 — > M is SL(2)- 
invariant. Therefore, we obtain a morphism Ps/SL(2) — > M which turns out to be 
a bijection and hence an isomorphism. Thus we obtain the isomorphism (4.2) with 
Qo := P5. Furthermore, by the same argument, C3 can be blown down twice and 
ev3 factors through 

c 3 ► c 4 > C 5 — C — ^ P r 

71 

P 3 > P 4 ► P 5 — Qo 

Thus we have a natural morphism 

cpf : Opr x g — > f»Oc =: £0 

where f = (cv, n). 

For a description of T 1 as the quotient of a smooth variety, let us consider 

(4.3) 8 1 := P(Sym 3 (C 2 ) <g> C 2 ) s x PGL(2) P(C 2 ® C r+1 ) s 

which is a P(Sym 3 (C 2 ) <S> C 2 ) s -bundle over Gr(2,r + 1). The subscript PGL(2) 
denotes the quotient by the diagonal action of PGL(2). Note that the stable 
part P(Sym 3 (C 2 ) ® C 2 ) s is the stable part with respect to the diagonal action on 
PSym 3 (C 2 )® 2 while the stable part P(C 2 ® C r+1 ) s is with respect to the diagonal 
action onP((C 2 ) ffir+1 ). We have 6 1 /SL(2) =7W (PW,3) because by [11], 

P(Sym 3 (C 2 ) ® C 2 ) S /SL(2) = M (P\3). 
Further, the obvious composition map 

(4.4) PHom(Sym 3 (C 2 ),C 2 ) x PHom(C 2 , C r+1 ) — > PHom(Sym 3 (C 2 ), C r+1 ) 

induces a morphism 1 — > Pq. It is straightforward to keep track of the blow-ups 
and -downs of Po and see that we obtain an injective morphism 

O 1 ^ Qo 

whose quotient gives us the embedding T 1 °-> M. 
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Now wc provide a description of the other component of the indeterminacy locus 
via GIT. The set of homogeneous polynomials of degree 1, up to constant multiple, 
is P 1 . Multiplication of polynomials and composition (4.4) give us 
(4.5) 

[P 1 xP(Sym 2 (C 2 )«>C 2 )] s x PGL(2) P(C 2 <g> C T+1 ) s — > P(Sym 3 (C 2 ) g> C r+1 ) s - P 

where the stability of the first factor is with respect to the diagonal action on 0{ 1 , 1 ) 
of P(C 2 ) x PSym 2 (C 2 )® 2 while the stability on the second factor is with respect 
to the diagonal SL(2)-action on P ((C 2 )® r+1 ). It is also a straightforward exercise 
to keep track of this morphism through the blow-ups and -downs of Po. The first 
blow-up 7ti corresponds to the blow-up along 

(4.6) (P 1 x (P(Sym 2 C 2 ) xP']) s x PGL(2) P(C 2 ® C T+1 ) s . 

The second blow-up 7T 2 is the identity map because the blow-up center is a smooth 
divisor. Then as in the proof of [11, Lemma 5.4], wc obtain an equivariant embed- 
ding 

(4.7) [P 1 xbl P i xP ,P(Sym 2 (C 2 )®C 2 )] s x PGL(2) P(C 2 ®C r+1 ) s ^P2. 

Since the image of (4.7) is contained in the blow-up center, the third blow-up 7T3 
gives us a P r_1 -bundle over the image of (4.7). By the construction of stable maps 
[11, §5], this bundle parameterizes all possible stable maps whose images are two 
lines. The first blow-down doesn't make any change while the second blow-down 
contracts the exceptional divisor of the first blow-up. Therefore, we obtain a P T_1 - 
bundle over 

[P 1 x P(Sym 2 (C 2 ) ® C 2 )] s x PGL(2) P(C 2 ® C T+1 ) s 
which we denote by O 2 . Thus, we obtain a smooth subvaricty 

O 2 ^ Q 

whose quotient gives us the locus of stable maps V 2 with bilinear image. 

Let us now consider the normal bundle of . The normal bundle of a fiber 
P(Sym 3 (C 2 ) (g> C 2 ) s of 8 1 over Gr(2,r + 1) in Q is the pull-back of the normal 
bundle of 7U (P 1 ,3) in M = M {W , 3) i.e. 

7t»cv*N P i /P r = (7T*ev*0 P i (1)) ffiT_1 

where 

(4.8) C ~ ^P 1 



P(Sym 3 (C 2 ) ®C 2 ) S 
is the family of stable maps to P 1 . 
Lemma 4.2. 

7T*CV*eV (1 ) £ o® 2 © Opz (-1 )® 2 . 

Proof. Let P = P(Sym 3 (C 2 ) ® C 2 ) s . Since the complement of Po has codimension 
3, the vector bundle 7t Ht ev*C(l ) on Po extends uniquely to a vector bundle E on P 7 . 
By the splitting criterion of Horrocks [15, Theorem 2.3.1], it suffices to prove that 

(1) H i (P 7 ,E(k)) =0fori=1,2,--- ,6andkeZ. 
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(2) The Hilbert polynomial H°(P 7 ,E(k)) of E coincides with that of 0® 2 © 

The first condition tells us that the bundle E splits into a direct sum of line bundles 
and the second condition shows that the line bundles are two 0s and two 0{— 1)s. 

By [11, Lemma 5.3], the locus L 1 of at least one common zeros is a divisor in Po 
and the locus of indeterminacy of the birational map [11, (5.30)] 

P 1 x P — > P 1 

is the normalization I of I 1 , which is isomorphic to the stable part of P 1 x 
P(Sym 2 (C 2 ) <8>C 2 ) with respect to the linearization 0(1 , 1 ). Hence C is the blow-up 
of P 1 x Po along L and the family of stable maps (4.8) is obtained by the surjective 
homomorphism 

Of — > V ?O r ^ T , [3,1)®O{- V r\t)) =:H 

induced from the evaluation p i 2 xPo — > 0pi x p (3, 1 ). Here u : C — > P 1 x P is the 
blow-up map. See [11] for more details. 

By construction, ev*0 P i (1 ) = H and from the exact sequence 

0— >H— >n*0(3,l}— >n*0(3,1)| (t _ 1(£) — >0 

we obtain an exact sequence on P 1 x Po 

0— » ji*H— » 0(3,1) — » 0(3,1)| £ — >0. 

Since the pullback of Po (1 ) to Z = [P 1 X P( Sym 2 (C 2 ) ® C 2 )] s is 0( 1 , 1 ) , we have 

0(3,1)| £ -0 plxP s(4,l). 

Let -v : I -> I 1 be normalization map. Then by taking the direct images with 
respect to the projection to Po, we obtain an exact sequence 

O^7t»ev*0 P ,(1) ^0 Po (l)® 4 — »-v,(0(3,1)| f ) — >0 

because R 1 7T*ev*0 P i (1 ) =0. After tensoring with P 7 (k), we obtain 

— >7T»ev*0 P , (l)g)0 P 7(k) — >0 Po (k+l)® 4 — >T*(0 plxP 5(k + 4,k+1)) — > 0. 

Since the codimension of P 7 — Po is 3, we thus obtain the long exact sequence 

— > H°(P 7 ,E(k)) — > H o (P 7 ,0 P z(k+ l)) ffi4 ^H°(P 1 x P 5 , 0(k + 4, k + 1 )) 

— >H 1 (P 7 ,E(k)) — > H 1 (P 7 ,0 P 7(k+ l))® 4 — 

Clearly, H^P 7 , P 7 (k + 1 ))® 4 = for i = 1 , 2, • • • , 6 and H^P 1 x P 5 ,0(k + 4,k + 
1 )) = for i = 1 , 2, • • • ,5. Also, by an elementary calculation, we have 

dimH°(P 7 ,0 P 7(k+l))® 4 -dimH°(P 1 xP 5 , 0(k+4, k+1 )) = dimH°(P 7 , 0(k)®0(k-l ))® 2 . 

Therefore, the lemma follows if y is surjective. Indeed, the space H°(P 7 , P 7 (k+ 1 )) 
consists of homogeneous polynomials of degree k + 1 in eight variables xi , • • • , x$ 
and H°(P 1 x P 5 , 0(k + 4, k + 1 )) consists of bihomogeneous polynomials in Zo,Zi 
and y i , • • ■ ,1)6 of bidegrce (k + 4, k + 1 ). From the definition of the map "V, we see 
that 

X! = z yi ,x 2 = z y 2 + z^y^ ,x 3 = z y 3 + ziy 2 ,x 4 = z^y 3 , 
x 5 = z y 4 ,x 6 = z y 5 + z 1 y 4 ,x 7 = z y 6 + ziy 5 ,x & = z^y 6 . 
By induction on k, it is easy to check that y is indeed a surjection. □ 



HILBERT SCHEME OF RATIONAL CUBIC CURVES VIA STABLE MAPS 



13 



Consequently, the normal bundle in Qo of P(Sym (C 2 ) ® C 2 ) s , which is a fiber 
of G 1 -» Gt(2,t + 1), is 

o® 7 2T - 2 ®Op 7 (-i) ffi2r - 2 . 

Obviously the factor 0® 2r ~ 2 is the pullback of the tangent space of Gr(2,r + 1) 
and hence the normal bundle to O 1 in Qo restricted to P(Sym 3 (C 2 ) <E> C 2 ) s is 

o p7 (-D e2r - 2 . 

We summarize the above discussions as follows. 

Corollary 4.3. The indeterminacy locus of O is F 1 U F 2 with T 1 = 1 /SL(2), 
F 2 =0 2 /SL(2) where is a P(Sym 3 (C 2 ) ® C 2 ) s -bundle over Gr(2, r + 1 ) and® 2 
is a P 1 "" 1 -bundle over a [P 1 x P(Sym 2 (C 2 ) ® C 2 )] s -bundle over Gr(2,r + 1). The 
normal bundle to 1 in Q restricted to P(Sym 3 (C 2 ) <g) C 2 ) s is O p ? (-1 )® 2r ~ 2 . 



4.3. Blow-ups. By adjunction, we have a natural homomorphism cpf : Opr — > 
f*0c for any stable map f : C — > P r . The image of cpf is the structure sheaf Oc 
of a curve C' in P r . If f e T 1 U T 2 , Oc is a destabilizing subsheaf of f*0c because 

x(Oc(m)) , , 2m+l 3m+l x(f»O c (m)) 
r(OcO =-+ lOT ^>^- r(f , 0c) 

Definition 4.4. j4 subsheaf T of a coherent sheaf E on P r is t/ie destabilizing 
subsheaf if it is the first nonzero term Ei in the Harder- Narasimhan filtration C 
Ei C • • • C Eic = E and F ^ E. The quotient E/F by the destabilizing subsheaf 'F is 
called the destabilizing quotient. 

See [9] for fundamental results on Harder-Narasimhan filtration. 

Lemma 4.5. Oc is the destabilizing subsheaf o/f»0c when f*Oc is not stable, 
i.e. feT'u F 2 . 

Proof. For f G F 1 , f*Oc is supported on a line L in P T and hence f*0c = Oi_[a) 
0i_(b) © Ol(c) for a > b > c. Since the Hilbert polynomial of f*0c is 3m + 1, 
a + b + c = —2. Also, f*Oc admits a unique section cpf and hence a = 0, b = 
— 1 , c = — 1 . Therefore, the image Oq> of cpf is the destabilizing subsheaf 0\_. 

For f G F 2 — F 1 , C is the union of two lines Li and L2 such that f*0cli_i — Cl, 
and f*CclL 2 — Cl 2 © Ol 2 (—1]. As Oc is the gluing of 0i_, and Ol 2 at a point, 
this is certainly the destabilizing subsheaf of f*0c- FJ 

From the above proof, we see that when f e T 1 , 

(4.9) f*O c =0 L ©0 L (-1) ©0 L (-1) 

for a line L = f(C) in P r . Note that the direct image sheaf depends only on the 
image line L. 

Let qi : Qi — > Qo be the blow-up along the smooth subvariety 1 and let 
Pi : Mi — > M be the quotient, i.e. the blow-up along the subvariety T 1 ([13, 
Lemma 3.11]). Let 0] be the exceptional divisor and 2 be the proper transform 
of 2 . Let F| be the quotient of 0^ by SL(2). We pull back cp f to P r x Q, and 
restrict it to the divisor P r x 0] . Let Ai be its cokernel on P r x 0] . Let £1 be the 
kernel of the composition 

(1 x qi)*£ — > (1 x qi)*£ol P T X0 i — > A, 
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Lemma 4.6. (1) £i is a flat family of coherent sheaves on P T parameterized 
by Qi. 

(2) The locus where E\ is not stable has two irreducible components 2 U 0f 
where 0| is a smooth subvariety of &\ , which is a P 1 x P T ~ 2 -bundle over 
1 . 

Proof. Let f : C — > L C P T be a point in . If we denote the graph of f in C x P r 
by G, it is well known that the deformation space of the map f with C fixed is the 
same as the tangent space at G 

HomcxP'-UcCc) 

of the Hilbert scheme of closed subschemes in C x P T where Ig is the ideal sheaf of 
G. From the short exact sequence 

— » I G — » Ocxr -^O G ^0 
we obtain an isomorphism 

Hom(I G) G ) =Ext Cxpr (0G,0 G ) 

because \V [O g ) = H*[O c ) = 0. Since I G | G = flV and O g = O c , we have 
isomorphisms 

Hom(I G ,0 G ) - Hom c (fa r ,O c ) = Hom r (n r ,f,O c ). 

The natural morphism It — > Q-pr and the projection f*0c — > 0l(— 1)® 2 by (4.9) 
induce the homomorphisms 

Hom(a P , ) f*0 c ) — >Hom(I L ,f*O c ) — » Hom(I L , )) 2 

where It is the ideal sheaf of L on P r . On the other hand, as R^p*0 G = where 
p : C x P r — > P r is the projection, an extension of O g by itself gives us an extension 
of p*0G — f*Cc by itself. Thus we have homomorphisms 

Exk\0 G ,0 G ) — jExt^f^Oc.^Oc) — >Ext 1 (0 L ,f.Oc) ^ Ext 1 )) 2 

where the last two come from (4.9). Then it is an easy exercise to check the 
commutativity of the following diagram 

(4.10) Hom(lG,0 G ) ►Ejct 1 (O G ,0G) 



Hom(a P r,f,O c ) Exk\UO c J*O c ) 



Hom(I L ,f*O c ) ► Ejct 1 (O L |f*0c) 



Hom(I L ,0 L (-l)) 2 >E^[O l ,O l (-\)) 2 

where the last two horizontal maps arc from the exact sequence — ) II — > Opr 
O l -» 0. 

From the exact sequence 

o — » i L /i? — » oHl — » n L — > o 
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we see that the normal space to the deformation space of f as a map to L in the 
deformation space of f as a map to P T is exactly Hom(iL, f*Oc)- Furthermore, the 
tangent space to the Grassmannian is exactly Hom(lL,0L) and hence the normal 
space of O 1 in Qo at f is 

Nei/Q ,f = Hom(I L ,0 L (-1)) 2 

which is the bottom left term in (4.10). 

The Kodaira-Spencer map for the family £q> of sheaves 

(4.11) T f Qo — > Extp r (f*Oc,f*Oc) 

sends any extension f:C = Cx SpecC[e]/(e 2 ) — > P r of f to the extension class 
of — > e • f*Oc — > f*0<~ — * f*Cc — > obtained from the obvious extension 
— > eO c — > O c — > °c — > since R 1 f*0 c = 0. By (4.9), f»0 c remains fixed 
along the fibers of O 1 — > Gr(2,r + 1) and the variation of L is sent to the factor 
Ext'(e>L,e> L ). Hence we have an induced homomorphism 

(4.12) NovQcf =Hom(I L ,0 L (-1)) 2 Ext 1 (0 L , L (-1 )) 2 

by the projection Ext pr (f*Oc, UO c ) -» Ext 1 (C L , C L (-1 )) 2 . From the above dis- 
cussions, we see that the horizontal maps in (4.10) give us the Kodaira-Spencer 
map and hence (4.12) is an isomorphism. 

Let us consider the effect of elementary modification £ 1 . Choosing a point in Q 1 
lying over f is the same as choosing a normal vector to O 1 at f. Over SpecC[e]/(e 2 ), 
the process of taking £ 1 from £q is explained in the diagram 





> e ■ f*0 c > £ 1 > Ol > 



> e • f*0c > £0 > UO c > 



At ^=O l (-1)® 2 





Since f*Oc = Ol © Cl(~1 )® 2 , the central fiber £i/e£i fits into an exact sequence 

— > C L (-l) e2 — > ^/e£i — ► O l — > 

whose extension class is the image of (4.12). In particular, f*Oc — Cl ffi 0\_{— 1 ) ffi 
Ot{— 1) and £i|pr X { y } is an extension of 0\_ by 0]_{— 1) © 0l(— 1) for any y 6 Qi 
lying over f . In particular, the Hilbcrt polynomial is constantly 3m + 1 and hence 

£^ is flat over Qi. Each element in PN o i/Q , f = P (Ext pr (C L , L (-1 )) ® C 2 ) 
parameterizes an extension 

o^o L (-i)eo L (-i) ^e^o l ^o 
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which is unstable if and only if it belongs to PExt pr (Oi_, 1 )) x P 1 , in which 
case E = F © Ot{— 1 ) for a stable sheaf F which is a nontrivial extension of 0\_ by 

Example 4.7. Let f : P 1 — > P T be a stable map given by (zfj : zf : : ■ • ■ : 0) and 
consider a deformation of f over SpecC[e]/(e 2 ) given by the map 

(zq : z, : ezqZ! : ez z 2 : : • • • : 0). 

In affine charts, So — f*Cc is C[t, e] which is a module over C[xi ,x 2 , • • • , x T ] by 

xi = t 3 , x 2 = et, X3 = et 2 , X4 = • ■ ■ = x T = 

Then the central fiber of £ o is 

£o/e£ = C[t] =C[xi] ffitCbd] ©t 2 C[xi] 

and the destabilizing subsheaf is C[xi]. Hence we have 

= ker(C[t, e] — > C[t] — > tC[xi] © t 2 C[ Xl ]) = {g(xi ) + eh(t, e)} 

where g,H are polynomials. Hence the central fiber of £-\ is 

£yle£ y ={g(x!) +etg 1 (x 1 ) +et 2 g 2 (x 1 )} = C[x 1 ] ffix 2 C[x!] ffix 3 C[x!] 

= C[x 1 ,x 2 ,--- ,x r ]/(x 2 ,x 2 x 3 ,xf ,x 4 , • • ■ ,X T ) 
i.e. the thickening of the line x 2 = x 3 = • • • = in P 3 given by X4 = ■ • • = 0. 

Remark 4.8. By Corollary 4.3, 0] is a P 2r ~ 3 x (P 7 ) s bundle over Gr(2,r + 1). 
The proof of Lemma 4.6 tells us that the family of stable sheaves £ 1 over (P 2r ~ 3 — 
P 1 x P r ~ 2 ) x (P 7 ) s remains constant for the (P 7 ) s direction and depends only on 
the extension classes in P 2r ~ 3 = PExt 1 (C L , C L (-1 )) 2 . 

By Lemma 4.6, we have an invariant morphism 

Vi : Q1 - O 2 U 6f — > S 

which induces a morphism 

$1 : Mi - r 2 u rf — ) s 

where V] is the quotient of . 

Let q 2 : Q 2 — > Qi be the blow-up along O 2 and p 2 : M 2 — > Mi be its quotient 
by SL(2). Let ®\ be the exceptional divisor and 2 ,0 2 be the proper transforms 
of 0] ,0f . Let V\ be the quotient of ®\ by SL(2). Let Z' 2 be the pull-back of Z\ to 
P r x Q 2 . 

Lemma 4.9. There is a unique flat family of quotient sheaves on the divisor ®\ 

such that the Hilbert polynomial of A 2 at every point of 2 is m. 

Proof. To prove this claim, it suffices to show that for any y £ 2 , S^^x-ly] nas 
a destabilizing subsheaf of Hilbert polynomial 2m + 1 . From the uniqueness of the 
Harder-Narasimhan filtration and the existence of relative Quot scheme [9, Chapter 
2], we deduce that there is such a flat quotient A 2 . 

Let f £ 2 — 1 , i.e. f : C — > P r is a stable map whose image is the union C 
of two distinct lines I_i and L 2 . Without loss of generality, we may assume L 2 is 
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the degree 2 component. By adjunction, we have a subsheaf Oc of f*0c and a 
nonsplit extension 

(4.13) -> Oc -> f*0 c -> Cl 2 (-1) -» 0. 

Since Oc' and 0l 2 ( — 1) are stable, the destabilizing subsheaf of f*0c is Oc, whose 
Hilbert polynomial is 2m + 1 . 

From Lemma 4.6, we see that 8? fl8j C 6f . Suppose y e 8f n8, . Then qi (y) 
is represented by a stable map f : C — > L C P r where C = Ci U C2 is reducible 
and L is a line. From the proof of Lemma 4.6, one can check that q 7 " 1 (f ) H &\ — 
PExt 1 [0\_, 0\_[— 1)) and |pr X {tj} = where F is a nonsplit extension of 

0\_ by 0\\— 1). Hence, F is the destabilizing subsheaf of £i|pr X {^} whose Hilbert 
polynomial is 2m + 1 . □ 

Let £2 be the kernel of the composition 

Lemma 4.10. (1) £2 is a flat family of coherent sheaves on P r parameterized 
by Q 2 . 

(2) TTie locus of unstable sheaves is precisely 8| and we have an invariant 
morphism 

^2 : Q2 - ®l — » S 

which induces a morphism 

(D 2 : M 2 - T| — > S. 

Proof. As we saw in the proof of Lemma 4.6, the effect of elementary modification is 
interchanging the destabilizing subsheaf with the quotient. For y e &\ — q 7 " 1 (8^), 
£2\vx{y) i s an extension 

(4.14) 0^O u (-])^£ 2 \ r r x{y} ^Oc ->0 

and thus the Hilbert polynomial remains unchanged. We claim E = £2lp T x{-y} is 
stable. Indeed, (4.13) gives an exact sequence 

0-»Nc -» N C ' ®f*Oc =f*f*N C ' -» Ol 2 (-1) ®N c - -» 

by tensoring the normal bundle Nc of the complete intersection C Upon taking 

cohomology, we get a diagram 

(4.15) 

►H°(C',Nc) ► H°(C / 1 f,f*N c >H°(C',e> L2 (-l) ® NcO >0 

The deformation of C while keeping a node is parameterized by the kernel of 

h°(c',NcO ^E X t 1 (a C ',e>c') =c 

which comes from the exact sequence 

0^N* C , ->apr|c'->Qc'-»0. 

Here, Ext 1 [O.Q>, Oq 1 ) = C is the smoothing direction of the node of C. 
Next, we calculate the quotient 

T f Mo(P r ,3)/T f M (C',3). 

It is well known that the tangent space of .Mo(P T ,3) (resp. Mq{C ,3)) is given by 
the hypercohomology 

Ext^ffV -» O c },Oc) (resp. Ext 1 ({f*Qc -» Oc},Oc))- 
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By applying the octahedron axiom for the derived category of sheaf complexes on 
C to the composition f*Clpr — > f*Oc' — > Oc, we obtain a distinguished triangle 

f*N£,m -^{f*rv ^0 c }^{f*a C ' -^o c }-^. 

This induces an exact sequence 

0— >T f M>(C',3) ^T f X (P T ,3) _ >H°(C,fNc') Ext 2 ({f*Q c < O c },O c ) — » 0. 

Since the dimension of A4o(C',3) (resp. .Mo(P T ,3)) at f is 2 (resp. 4r) and the 
dimension of H°(C,f*N c <) is 7 + 4(r - 2) by N c < = 0(2) © £>(1) r ~ 2 , we have 
Ext 2 ({f*Oc' — > Cc}> Cc) — C. Thus we have a commutative diagram 

►H^C'.TcO >H°(C',T P r) >H°(C',NcO >C >0 

>H°(C',f*f*T c >H°(C',f»f*T P ► H°(C',f,f*N c 



>H°(C,f*T C ') >H°(C,f*T IP r) ►H (C,fN c 

>T f Xo(C',3) >T f A4o(P r ,3) ►H°(C,f , N c <] >C ► 0, 

which induces a commutative diagram 

H°(C',Nc) >C 

H°(C,f*N c >C. 

The kernel of the top row is the deformation of C and the kernel of the bottom row 
is the quotient Tf .Mo(P r , 3)/Tf7Wo(C, 3). Therefore, by (4.15) the normal space to 
O 2 at c(2(y) in Qi is isomorphic to 

H°(C',Ol 2 (-1)®N c =Hom(Jc<,0L 2 (-1)) = Ext 1 (0 C ' , C\ 2 (-1 )) 

where Xq' is the ideal sheaf of C. As in the proof of Lemma 4.6, one can check 
that this isomorphism is compatible with the Kodaira-Spencer map for £-\ and thus 
(4.14) is nonsplit. Stability follows immediately. 

Next suppose y £ q^^Of) n &\. Let yi = q2(y) £ Of and yo = qi(yi) 
be a stable map f : C — ) L C P r for some line L. Then qT 1 (y ) n Of = 
PExt 1 (O l ,O l (-1)) = P r ~ 2 . From the proof of Lemma 4.6, we see that the nor- 
mal space to Of at yi is Ext 1 0l(— 1 )) © C where the summand C parame- 
terizes the smoothing of C, i.e. it comes from the normal direction of 1 n O 2 
in O 1 . Since y, e qf^yo) n Of = PExt 1 (C L , C L (-1 )), yi can be thought 
of as a line in Ext 1 (C L , L (-1 )). Certainly, the isomorphism classes of sheaves 
in the family £ i don't change in the smoothing direction and along the line of 
yi. Hence the Kodaira-Spencer map on the normal space to 0f factors through 
Ext 1 (Or., 0l( — 1 ))/C • yi . Now by an easy calculation, we find that E =£ 2 |prx{y] 



HILBERT SCHEME OF RATIONAL CUBIC CURVES VIA STABLE MAPS 



1!) 



is the extension sheaf 

-> L (-1) © OlM) -» E -» Cl -» 
determined by yi and the image of the line y in Ext (Oi_,Oi_(— 1)). Hence E 
is stable if and only if y G P (^Ext 1 (C L , C L (-1 )) © does not belong to the 
projective line spanned by yi and the smoothing direction C, in which case E — 
F © 1) for a stable sheaf F with Hilbert polynomial 2m + 1. The projective 
line spanned by yi and C is precisely &\ H 1 (yi )• □ 

Example 4.11. In fact, we can calculate all the stable sheaves in £2 by local 
calculations. Let C be the union of two curves {(t, s)|ts = 0} and consider the 
family of stable maps locally given by 

2 

xi = t , X2 = s, X3 = at, a = ts. 

When a 7^ 0, it is a family of smooth cubics and when a = 0, we have a stable map 
in 2 . Then on the line of a <E C, 

£ = £, = C[t, s] = C[t, s, a]/(ts - a) 

and £2 is the kernel of 

C[t,s] — > C[t,s]/(ts) — > tC[t 2 ] 
The central fiber of £2 is then 

£2/0^2 = C[t 2 ,s]/(t 2 S 2 ) = C[X1 , ■ • • ,X T ]/(X1X2,X 2 ,X2X 2 ,X 3 -XiX 2 ,X 4 , ■ ■ ■ ,x r ). 

This is a Cohen-Macaulay curve and hence stable. Of course, this is a curve with 
two components, one of which is a reduced line and the other is the double line 
thickened in a quadric surface in a P 3 . 

Remark 4.12. We will see in the subsequent section that T 2 is a P 2 -, 2 2 )-bundle 
over a P r_1 x P r_1 -bundle over P r by GIT, where P 2 , 2 2) IS the weighted projective 
space with weights (1,2,2). Of course, the P r_1 x P r_1 -bundle over P r above 
parameterizes pairs of intersecting lines in P r and P^ 2 2 i parameterizes double 
coverings of a line. The proof of Lemma 4.10 tells us that the family £2 of stable 
sheaves on — U Ff remains constant on the fibers P 2 , 2 2) depends only on 

the fiber PExt 1 (O c >, O u (-1 )) of Ff -> F 2 . 

Let q3 : Q3 — > Q2 be the blow-up along 2 and let P3 : M3 — > M2 be its 
quotient by SL(2). Let 0| be the exceptional divisor and 0],0| be the proper 
transforms of 2 ,02 respectively. Let Fj be the quotient of ©3 by SL(2). Let £ 3 ' be 
the pull-back of £2 to P T x Q 3 . As we saw above, if y G 0|, £l\rr X {y} — F©Ol(— 1 ) 
for some line L and a stable sheaf F whose Hilbert polynomial is 2m + 1 . Obviously, 
F is the destabilizing sheaf and by the existence of relative Quot scheme [9, Chapter 
2] again, we obtain a quotient homomorphism 

such that for y G ©f, A3|pr x{v } = 0\_[— 1) for some line L depending on y. Let £3 
be the kernel of the epimorphism 

£3 ~* ^3'lp r xO| ~* 
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Lemma 4.13. £3 is a family of stable sheaves on P T and hence we obtain an 
invariant morphism W3 : Q3 — > S which induces a morphism 

f 3 :M 3 ^S. 

Proof. Let y G 63, = c|3(y), V^ — 12(^2)- From the proofs of Lemmas 4.6 and 
4.10, we find that the normal space to 0| in Q2 at U2 is 

N e|/Q 2 , U2 = Ext 1 (0 L) L (-1 ))/€•!)! ©C-C 1 "- 1 

where the summand Ext 1 (Ol, Ol(— 1 ))/C-yi is the normal space of 0| in while 
the direct summand C is the normal direction to the divisor 0^. The family £2 
restricted to ©2 is always of the splitting form F © Ol (— 1 ) where F is the extension 
of Ol by Qt{— 1 ), i.e. the double line in a plane containing L. Hence the Kodaira- 
Spcncer map 

T y2 Q2 — > Extpr (F © L (— 1 ), F © 1)) 

induces a map 

N o3/ Q2 , V2 — »Ex4 t (F,O l (-1)). 

We claim this is injective and hence after elementary modification £3|pr X {y} becomes 
a nontrivial extension of F by 0l(— 1 ) which is obviously stable. 

From the exactness of — > 1 ) - * F - * Cl — > 0, we obtain an exact sequence 

(4.16) 

O^Ext 1 (0L,0 L (-1))/C--yi -» Ext 1 (F,0 L (-1)) -> Ext 1 (C L (-1 ), C L (-1 )) -> 0. 

Suppose y G PExt 1 (O l , O l (-1 ))/C-yi and fix y G Ext 1 (C L , C L (-1 )) representing 
y. Then from the proofs of Lemmas 4.6 and 4.10, we find that the direction of y 
in Mo|/q 2 ,u 2 i s gi ven by the family of extensions 

— -» L (_i)©o L (-1) — -» E — » Ol — -» 

whose extension class is (yi , ey). By direct calculation, the elementary modification 
at e = gives us the nontrivial extension with extension class (yi ,y). This is just 
the thickening of L in a P 3 determined by yi and y. Therefore, we find that the 
Kodaira-Spencer map sends the summand Ext 1 {Oj_, Oi_[— 1))/C - yi of No|/Q 2 ,v 2 
isomorphically onto the same subspace Ext 1 (Ol, Ol(~ 1 ))/C-y 1 of Ext 1 (F, 0t_( — !))• 
For the other summand C of N 3 /q y , consider the locus A of stable maps 
in Qo whose images are planar. Then by direct local calculation, it is easy to see 
that this locus is of codimension r — 2 and its proper transform A2 in Q2 intersects 
with 2 transversely along &\- We choose an analytic curve g : D — > A2 from a 
small disk D in C to A2, which passes through y2 and moves away from 2 . Let 
£ g be the pullback of £2 to P r x D via (idpr , g). For t ^ 0, the image of the stable 
map parameterized by qi (c]2(g(t))) is a singular cubic plane curve C( and £2 at 
t is an extension of a skyscraper sheaf Pt by the structure sheaf Oq{ of C t for 
some pt G C t . Without loss of generality, by applying linear transformations, we 
may assume that C( are all contained in a fixed P 2 in P T for t ^ 0. The restriction 
of £ g to SpecC[t]/(t 2 ) is an extension 

— »t - (f®OlH)) -^£ g — »FeOi.(-i) ^0 

by flatness, where F is the double of L in P 2 . By the stability of £ g for t ^ 0, 
the extension class in Ext (F © Oi_[— 1), F © Oj_[— 1)) has nontrivial component c G 
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Ext 1 (F, L (-1 ))■ Furthermore, since £ g for t ^ is a family of stable sheaves sup- 
ported in the plane P 2 determined by y i , if the image 

by (4.16) were zero, then c would come from yi G Ext [0\_,0\_[— 1)) and hence c 
would be trivial. Hence every sheaf in the family £3 is stable as desired. □ 

There are three possibilities for y G 0| and in each case one can calculate the 
sheaf £3 at the point as in the example below: 

(1) If y G PExt 1 (0 L ,0 L (-1))/C, then £ 3 | P r x{y} is the thickening of L in a P 3 . 

(2) If y is the normal direction to 02, then £3 at y is a nontrivial extension of 
a skyscraper sheaf C p for some point p £ L by the triple thickening of L in 
a P 2 which contains L. 

(3) If y is not in either of the direct summands, then £3 at y is a triple thick- 
ening of L in a quadric cone in a P 3 containing L. 

As observed in Remark 4.8 and the above proof, the family of stable sheaves pa- 
rameterized by 0| is independent of the factor (P 7 ) s , i.e. we may choose any stable 
map yo — qi (yi ) to L = P 1 in calculating the stable sheaves in £3. 

Example 4.14. Case (2): Consider the family of maps f a : P 1 — > P 2 , locally given 

by 

C[x,y, a] — > C[t, a] = E 
where x 1— > a(pt + t 2 ), y 1— > t 3 , a a for p G C. Before applying elementary 
modifications, we have 

Eia=o = at] = cy © tcy © t 2 cy . 

The modification on Qi is taking the kernel Ei of 

C[t, a] — > C[t, a]/(a) = C[t] — > tC[y] © t 2 C[y]. 

Hence Ei consists of elements of the form f(t 3 ) + a- g(t, a) for polynomials f, g. To 
obtain Ei| a= o, we have to take the quotient by the submodule generated by a. It 
is easy to see that the quotient by (a) is 

cy © atcy © at 2 cy = cy © atcy © xcy . 

The modification on Q 3 is taking the kernel E3 of 

Ei -» Ei | Q=0 = cy © atcy © xcy atcy. 

If we quotient out E3 by the submodule generated by a, we obtain 

cy © xcy © x 2 cy + c • a 2 t = c[x, y ]/(x 3 ) + c (0iP 3 , 

which is a nontrivial extension of C p where p = (0, p 3 ) by C[x,y]/(x 3 ), the triple 
thickening of the line x — in the xy-plane, because x 2 = a 2 t(ij — p 3 ) in E3/QE3. 

Example 4.15. Case (3): Consider the family of maps f a : P 1 -> P 3 , locally given 

by 

C[x,y, z, a] — > C[t, a] — E 
where x 1 — > at 2 , y 1 — > a 2 t, zHt 3 ,ana. As above, E| a=0 = C[t] = C[z] © tC[z] © 
t 2 C[z], The calculations as above show that 

£ 3 /a£ 3 = C[z] © xC[z] © yC[z] 

and that xy = 0, y 2 = 0, yz — x 2 = 0. This is the thickening of L in the quadric 
cone yz = x 2 . 
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4.4. Blow-downs. In this subsection, we show that O3 : M3 — > S factors through 
three blow-downs 

(4.17) MsAMiAMjAMs 

where 7T4 is a weighted blow-down along F 2 , 7T5 is a weighted blow-down along the 
proper transform of T| and TC& is the smooth blow-down along the proper transform 
of . We will study the local geometry of the divisors and show that the divisor 
to be contracted at each stage is a (weighted) projective bundle and there exists 
a blow-down map contracting the projective fibers. Then it is easy to see that 
the morphism CD 3 remains constant on each contracted fiber and hence it factors 
through 4>6 : Mg — > S. Finally one can directly check that the induced morphism 

G>6 : M 6 — » S 

is bijective and hence we obtain an isomorphism Mg = S. 

Let us start with T 1 , which is isomorphic to Aio(¥U) over Gr(2,r +1). Recall 
that 

T 1 = OVSL(2) 

where 1 is given by (4.2). Since all the transformations will take place over 
Gt(2,t+ 1 ), we fix a line L = P 1 C P T to simplify the notation. In particular, O 1 is 
a P(Sym 3 (C 2 ) <8> C 2 ) s -bundle on Gr(2, r + 1 ). By Corollary 4.3, the normal bundle 
of O 1 , restricted to a fiber of 1 — » Gr(2, r + 1 ) over L, is 

P z(-l) 2r - 2 = Ext 1 (0 L ,0 L (-l)) ffi2 ® 0[-1) 

and hence an analytic neighborhood U 1 of T 1 in M is equivalent to a bundle over 
Gr(2, r + 1 ) with fiber 

U 1 :=0 P z(-l) 2l - 2 //SL(2). 
Therefore, a fiber of V] — > Gr(2,r + 1) over L is 

V] := (P(Sym 3 (C 2 )®C 2 ) xPfC 1 - 1 ®C 2 ))// 0(1 , A) SL(2) 

which is the GIT quotient of P 7 x P 2r ~ 3 with linearization 0(1, A) = CVO) ® 
P 2r-3(A)) for < A < 1. (Note that for A < 1, the stable set is (P 7 ) s x P 2r ~ 3 .) 
Here SL(2) acts trivially on C T_1 and as standard matrix multiplication on C 2 for 
P(C r_1 ® C 2 ). Furthermore, an analytic neighborhood U] of V] is the quotient of 
the line bundle 

III ;= p 7 x p2r-3 (-1 , -1 ,A)SL(2) 

since the blow-up of Opz ( — 1 ) 2r ~ 2 along the zero section is Opz xP 2t-3 (— 1 , — 1 ) . Here 
the linearization of P 7 x p2r-3 (— 1 , — 1 ) comes from the compactification 

P(0p7 xP 2r-3(-1,-1) ®0) 

with linearization 

7T*C P 7 xP 2r-3(l,A) (g) Op(o(_i _i )©e>)(— eZ) 
where Z = P 7 x p 2r - 3 is the zero section P(0 © O) of 

7T ! P(C P 7 xP 2r-3 (-1 , -1 ) ® O) -> P 7 X P 21 "- 3 

and e is a sufficiently small positive number. 
When A >> 0, the quotient 

U5 := P 7 xP 2r-3 (-1 , -1 ,A)SL(2) 
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is the blow-up of 
along the zero section 



IU := Op 



H)7/SL(2) 



l2r - 3 //SL(2) = Gr(2,r-1) 

and we have a blow-down map U5 — ) U 6 to a neighborhood of Fg . This Grass- 
containing the line L and each point 



mannian Tg 1 parameterizes the choice of a 



will give us a thickening of L in the chosen P 3 . 

We will see that the blow-up process in the previous section can be described 
by variation of GIT quotients [19, 1], as we vary A from 1~ to 00. It is easy to 
see by the Hilbert-Mumford criterion that the quotient varies only at A = 1 and 
A = 3. Then one finds the C*-fixed locus and the weight space decomposition of 
the normal bundle to each fixed point component. It is just an elementary exercise 
to show that the variations at A = 1 and A = 3 are flips, i.e. a blow-up followed by 
a blow-down, as follows. 
(1) The flip at A = 1: 



j2r-3 



// 



0(1,1 



,SL(2] 



j2r-3 



// 



0(1,2) 



SL(2) 



is the composition of a blow-up and a blow-down. The first map is the 



where 



(1,2,2) 



IS 



smooth blow-up along a P^ 2 2 )-bundle over P 1 x P r 2 , 
the weighted projective space with weights (1,2,2). This blow-up center 

coincides with the fiber of the intersection T, 1 n Vf over Gr(2,r +1). The 

2 



second map is the weighted blow-up along a 
with weights (1,2,2) on each normal space. 
(2) The flip at A = 3: 



fxP 



2r-3 



// 



0(1,2 



SL(2) 



j2t-3 



-bundle over 



// (i, 4 )SL(2) =:T^ 



is the composition of a blow-up and a blow-down. The first map is the 
smooth blow-up along a P^ 223 31-bundle over P 1 x P r ~ 2 where P^ 2233) 
is the weighted projective space with weights (1 , 2, 2, 3, 3). The second map 
is the weighted blow-up along a P T ~ 3 -bundle over P 1 x P r ~ 2 with weights 
(1,2,2,3,3) on each normal space. 



When A > 3 



d2t-3 



V/o(i ,a)SL(2) is a P-bundle over 
1 ®C 2 )//SL(2) = Gr(2,r-1) =:f 6 . 
If we let be the fiber product of Y\ with t\ , we obtain the following diagram. 

(4.18) 




M (F\3) 
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The left and right vertical maps are projective bundles and all other maps are 
blow-ups. The two maps from Pj are blow-ups because the blow-up centers in 
P 7 x P 2r ~ 3 //o(i ,2)SL(2) are transversal. By our construction, it is easy to see that 
Hj 1 is exactly a H- 1 -bundle over Gr(2, r + 1 ) for i < 3. 

Similarly, we can study the variation of the GIT quotient 

U] =Op7 xP 2T-3(-1,-l)//SL(2) 

with linearization 

7t*0p7 xP 2T-3(1,A) ® Co(-i,i)(-eZ) 

where Z = 

p7 x p 2r-3 jg 

the zero section as we vary A from 1 to oo. As above, 
the GIT quotient varies only at A = 1 and A = 3. 

(1) The wall crossing at A = 1 takes place over the C*-fixed point component 
Bi, which is the restriction of the line bundle 0[— 1,— 1) to the flip base 
P 1 x P r ~ 2 for T 1 at A = 1 above. The flip at A = 1 is the composition 

U] =O p ^xp^(-1,-1)//a=i-SL(2)^U]^O p7><P 2 T -3(-1 1 -1)/A =2 SL(2) 

of the smooth blow-up along a P 2 -, 2 2 ) -bundle over Bi and the weighted 
blow-up along a P T_1 -bundle over Bi . 

(2) The wall crossing at A = 3 takes place over the C*-fixed component B2 = 
P 1 x P r ~ 2 , which is the zero section of the restriction of the line bundle 
0(-1,-1) to the flip base P 1 x P r ~ 2 for P 1 at A = 3 above. The flip at 
A = 3 is the composition 

P 7 xP 2r- 3 (-1,-1 )// A = 2 SL(2) <— U] — > <D P 7 xP 2r-3 (-1,-1 }// A=4 SL(2) = bi] 

is the composition of the smooth blow-up along a 223 3) -bundle over 
B2 and the weighted blow-up along a P r ~ 2 -bundlc over B2 with weights 
(1,2,2,3,3) on each normal space. 

In summary, we have the following diagram of blow-ups for U- : 
(4.19) 




U 1 

Here U 3 is the fiber product of U 2 and U4 over P 7 xP 2t-3 ( — 1 , — 1 )//a=2SL(2). As 
the blow-up centers in P 7 xP 2t-3 ( — 1 , —1 )//a=2SL(2) are transverse, the two maps 
from U] to \l\ an d U4 are blow-ups. 

Let Uj C Mj, j = 1,2,3 be the inverse image of the neighborhood U 1 of P 1 . 
Here U 1 is a bundle over Gr(2,T + 1) with fiber U 1 . From our construction, it is 
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easy to check that the restrictions of the blow-ups 

M 3 — ) M 2 — >M, — > M 

to U 1 coincide with the three blow-ups on the left side of (4.19). If we can check 
that the first blow-down li] — > U 4 is extended to a global contraction map P4 : 
M3 — > M4 along P 2 , then simply by gluing with M4 — U r| where Y\ =V4i^s): 
the blow-downs 

u\ — » ul — » ill 

extends to a global maps 

M 4 — > M 5 — > M 6 

which contracts along the proper transform Fj of F| and then along the proper 
transform of I3 , because Pj 1 and F 3 are both contained in U? . 

So let us now study the blow-ups of V 2 . Recall that 

r 2 = e 2 /SL(2) 

where O 2 is a P T_1 -bundle over a bundle over Gr(2,T+ 1) with fiber 

[P 1 x P(Sym 2 (C 2 ) ®C 2 )] S . 

As before, we fix L € Gr(2,r+ 1) to simplify our notation because everything takes 
place over Gr(2, r + 1 ) in a neighborhood of O 2 . Consider the variation of the GIT 
quotient 

P 1 xP(Sym 2 (C 2 )®C 2 )// on , A) SL(2) 

as we vary A from 1 to + . It is again an elementary exercise of GIT variation 
([19, 1]) to see that the quotient varies only at A = 1/2 but there are no stable 
points if A < 1/2. The variation at A = 1/2 tells us that 

P 1 xP(Sym 2 (C 2 )®C 2 )// G(lil) SL(2) 

is a Pp 2 2) -bundle over P 1 = L. Since the P 1 -bundle over Gr(2,r + 1 ) is a P T_1 - 
bundle over P r , V 2 is a P 2 2 2) -bundlc over a (P 1 "" 1 x P 1 "" 1 )-bundle over P r . Ob- 
viously, the (P r_1 x P T_1 )-bundle over P r parameterizes (ordered) pairs of lines 
meeting at a point while P^ 2 2 j parameterizes double coverings for the first (or 
second) line. 

We can easily keep track of V 2 through the blow-ups pi,p2,P3- Firstly, V 2 is 
just the blow-up of (P r_1 x P r_1 ) along the diagonal. Secondly, F 2 is a P r_1 -bundle 
over T 2 . From the proof of Lemma 4.10, we see that the normal bundle to 2 is 
independent of the fiber P^ 2 2 , and hence F| is in fact a P^ 2 2 | x P r_1 -bundle 

over a bl PT -i (P T_1 x P 1 "" 1 )-bundlc over P r . Finally T 3 2 replaces P 2 2 2) x P 1 ^ 1 by 
P^ 2 2 j x bl P iP T_1 . We claim that the P^ 2 2 ) fibers of V 2 can be contracted to 
give us a map M3 — > M4. Indeed, this claim easily follows from the following two 
observations. Firstly, from our description of the map lij — > a neighborhood of 
Ul (~l rf is a V 2 ( — 1 )-bundlc over Ul n f| and hence can be contracted to a C 3 

r (1 ,2,2) 

bundle. Secondly, any pair of distinct intersecting lines in P r can be sent to another 
pair of distinct intersecting lines by the action of GL(r + 1) and hence an analytic 
neighborhood of any point in V 2 is isomorphic to an analytic neighborhood for a 
point in U] n V 2 . Since the action of an element in GI_(r + 1 ) preserves the blow- 
down U] — > U4, we obtain the desired map P4 : M3 — > M4 which is a weighted 



26 



KIRYONG CHUNG AND YOUNG-HOON KIEM 



blow-up along V$. Therefore, we have analytic maps M3 — > M4 — > M5 — > Ms 
contracting the divisors F 2 , rj , Fcj respectively. 

Finally from our construction of the stable sheaves in the previous subsection, it 
is an easy but tedious exercise to check that set-theoretically the map O3 : M3 — » S 
factors through the maps M3 — > M4 — > M5 — > Mg and hence we obtain an analytic 
map 

<S> 6 :M 6 — » S. 

Furthermore, it is easy to see that ®6 is bijcctive. Therefore, we obtain the following 
by Zariski's main theorem. 

Theorem 4.16. S is obtained from M by blowing up along V\ Vf , Ff and then 
blowing down along F 2 , F| , 1^ . 

The following diagram summarizes the results of this paper. 

M 3 

rf / \ ri 





M 2 



M 4 




Mi 



H 




S(PU') 



M 



All the arrows are blow-ups and the blow-up centers arc indicated above the arrows. 



5. COHOMOLOGY CALCULATION 

We use Theorem 4.16 to calculate the Betti numbers of S, by the blow-up formula 
[6] . We define the Poincare polynomial of a topological space X as 



p t (X) =^t i dimH i (X). 



From [11], the Poincare polynomial of M = A4o(P r ,3) is 



Pt(M) = 



t2r+10 



t 2, '+ 4 \ (l -t 2r+2 i (l -t 2r+2 )n 



1 -t 6 

The first blow-up adds 



1 -t 4 



(1 -t 1 ) 



(1 -t 2 )(l -t 4 ) 



t 4r-4 



Pt(r' 



1 -t 2 

The second blow-up adds 



1 + t 2 + 2t 4 + t 6 + t s 



ylr+2 



1 - t ZT t 



2t +2 +4r-4 



1 - t 2 1 - t 4 1 - t 2 



Pt(r 2 



t 2 -t^ 
1 -t 2 



= fl+t 2 + t 4 



1 - t 2r / 1 - t 2r t 2 - t 2r - 2 \ 1 - t 2r + 2 t 2 - t 2r 



The third blow-up adds 



Pt(rf) 



f 2r-2 



1 -t 2 



((1 +t 2 )(l +t 2 +2t 4 +t 6 +t 8 )+t 2 (l +t 2 )(l +t 2 +t 4 )) 
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1 - t 2 '- 2 1 - t 2r + 2 1 - t 2r X 2 - t 2r - 2 
1 - t 2 1-t 2 1 - t 4 1 - t 2 ' 

The first blow-down subtracts 



p t (r 2 Mt 2 +t 4 ) 



2r 



ar-z 



+ 



1 -t 

~ t 2 1 - t 2 

1 _ t 2r ! _ t 2r+2 



+ (1 +t 2 



1 -t 



2r-2 +2 +2r-2 



1 - t 2 1 - t 2 



1 - t 2 1 - t 2 

The second blow-down subtracts 



Pt(rl) 



(i +t 2 ) 



l -t 2 

The third blow-down subtracts 



l -t 2r - 2 V l -t 2r + 2 1 -t 2, 't 2 -t 10 



1 -t 2 



1 - 1 2 1 - 1 4 1 - 1 



2 ' 



t 2 - 1 1 6 i - t 2r - 2 1 - t 2r - 4 1 - t 2r + 2 1 - t 2r t 2 - 1 1 6 



l - 1 2 l - 1 4 i - 1 2 l - 1 4 i - 1 2 ' 

In summary, we obtain 
Theorem 5.1. The Poincare polynomial of S is 

'1-t 2, '+ 10 „t 4 -t 2r+4 \ (1 -t 2r + 2 ) (1 -t 2r+2 )(1 -t 2r ) 



1-t 6 



1 -t 4 



+ (1 + t 2 +2t 4 +t 6 +t 8 



(1-t 2 ) (l-t 2 )(l-t 4 ) 
1 - t 2r + 2 1 - t 2r t 2 - 1 41 "- 4 



1-t 2 1-t 4 



1-t 2 



,-2r 



+ (1 +t 2 +t 4 



1 -t 



1-t 2 V 1 - 1 



2t 



+ 



a_ar-2\ -| _ t 2r+2 t 2_ t 2r 



1-t 2 



1-t 2 1-t 2 
2ui | +2 , 4.4-1 



+ ((1 +t 2 )(l + t 2 +2t 4 + t 6 +t 8 ) +t 2 (1 +t 2 )(1 +t 2 + t 4 )) 
1 - t 2 ' - 2 1 - t 2r + 2 1 - t 2r t 2 - t 2r - 2 



1 -t 2 



1 -t 2 
+ 



1-t 2 1-t 4 1-t 2 



1 - t 2r / 1 - t 2r t 2 - t 2r - 2 



1 -t 2 



+ d +t 2 ) 



1 -t 



2r ~ 2 t 2 -t 2r - 2 ^ 



1-t 2 



1-t 2 



2r+2 



1 - t 2r 1 - t 
1-t 2 1-t 2 



-(t 2 +t 4 



-(1 +t 2 



1 -t 2r - 2 V l -t 2r + 2 l-t 21 " t 2 -t 10 



i-t 2 



l-t 2 l-t 4 l-t 2 



l - 1 2 ' - 2 1 - t 2r - 4 1 - t 2r + 2 1 - t 2r t 2 - 1 
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1-t 2 1-t 4 1-t 2 1 - t 4 1 - t 2 ' 

In particular, when r = 3, we obtain 
Pt(H) =P t (S) = l+2t 2 +6t 4 +10t 6 +16t 8 +19t 10 +22t 12 +19t 14 +16t 16 +10t 18 +6t 20 +2t 22 +t 2 
which coincides with the calculation in [2] . 
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